ABSTRACT To improve the penetration capability and the damage effectiveness of cruise missiles, maneuvering trajectory with specific impact angle is applied in terminal guidance. In this paper, an innovative online method for terminal guidance is presented, which can guide the cruise missile to a stationary target along a climb-and-dive maneuvering trajectory while meeting the expected impact angle. The basic principles of the proposed guidance method are the Bézier curve theory and the missile inverse dynamics. The maneuvering trajectory is shaped by a third-order Bézier curve based on the missile current state, the target position, and the impact angle constraint. The real-time guidance command represented by attack angle α is obtained based on the missile inverse dynamics. The shape of flight trajectory can be modified by regulating the Bézier parameters b 1 and b 2 to satisfy different tactical requirements without changing the boundary conditions. Simulation results demonstrate the effectiveness of the proposed method applied in cruise missile terminal guidance.
I. INTRODUCTION
Cruise missiles play an important role in modern warfare due to their advantages of small size, low cost, high precision, and high maneuverability. However, the survival of cruise missiles has become increasingly severe with the developments of anti-missile systems [1] . Planning climb-and-dive maneuvering trajectory, especially at the terminal guidance phase, can improve the penetration capability of the missile and reduce the interception probability. In addition, some tactical tasks require the missile to attack the target with a specific impact angle to improve the damage effectiveness [2] , [3] .
Previous researchers conducted a series of work on missile terminal guidance. To achieve the climb-and-dive maneuvering trajectory, methods such as two-phase proportional navigation guidance law [4] - [6] and optimal guidance law [7] - [10] are applied before. The two-phase proportional navigation guidance assumes a transition point within the flight trajectory which divides the entire trajectory into two phases. At the first phase, the missile climbs from the start point until it reaches the transition point. Then at the second phase, the missile turns down and dives until it hits the target. To meet the expected impact angle, methods such as biased proportional navigation guidance law [11] - [14] , optimal guidance law [15] - [17] , model predictive static programming technique [18] , [19] , and sliding mode control theory [20] - [22] are applied before. But most of these methods only focus on solving one of the maneuvering trajectory or impact angle problems.
Thus, an innovative online method for terminal guidance is proposed here, which can guide the cruise missile to a stationary target along a climb-and-dive maneuvering trajectory while meeting the expected impact angle. The maneuvering trajectory is shaped by a third-order Bézier curve according to the missile current state, the target position, and the impact angle constraint. The real-time guidance command represented by attack angle α is obtained based on the missile inverse dynamics.
The rest of this paper is organized as follows: section II describes the guidance problem, section III introduces the guidance method, section IV shows the simulation results, and section V demonstrates the conclusions.
II. PROBLEM STATEMENT A. GUIDANCE PROBLEM
The purpose of this paper is to present a terminal guidance method for cruise missile attacking a stationary target.
When the missile enters terminal guidance phase, it tracks along a climb-and-dive maneuvering trajectory and hits the target with the expected impact angle. The missile trajectory of terminal guidance is shown in Fig. 1 . 
B. MISSILE MOTION MODEL
The research object is a cruise missile moving in the vertical plane. A point mass missile and a flat non-rotating earth are assumed in this model. The forces, angles, and axes of the missile are defined in Fig. 2 
Definition of the missile motion variables.
The constraints imposed on the attack angle and its derivative are shown in (2) .
The constraint imposed on the normal overload is shown in (3) .
The drag D is expressed as (4) , and the drag coefficient C D is written as (5) .
The lift L is expressed as (6) , and the lift coefficient C L is written as (7) .
S (m 2 ) represents the reference aerodynamic area of the missile. A 1 , A 2 , A 3 , B 1 , and B 2 are constants of drag and lift coefficients. Air density ρ (kg/m 3 ) is obtained from the standard atmospheric model (USA, 1976). Table 1 shows the physical parameters of the missile [8] , where m 0 (kg) represents the initial mass of the missile. 
III. GUIDANCE METHOD
Firstly, we shape the climb-and-dive maneuvering trajectory based on the Bézier curve theory, according to the missile current state, the target position, and the impact angle constraint. Secondly, we calculate the online guidance command based on the missile inverse dynamics.
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A. TRAJECTORY SHAPED BY BÉZIER CURVE Bézier curve was proposed by French engineer Pierre Bézier in 1962, who applied this kind of curve to automobile design. Since then, Bézier curve had been used in many fields, especially in computer graphic design and robot movement trajectory plan [23] .
Bézier curve is ascertained by several control points. The control points include start point, terminal point, and a number of shape-define points. The order of Bézier curve depends on the number of control points. If the number of control points is n, the order is n−1. The curve passes through the start and terminal points, but does not necessarily pass through the shape-define points. That means the shape-define points can be moved to reshape and modify the curve without changing the initial and terminal boundary conditions. Each shape-define point can bend the curve once. More shapedefine points can define a complex curve. For the given control points P 0 , P 1 , P 2 ... P n , the Bézier curve can be written as a polynomial function of the parameter ε ∈ [0,1], as shown in (8) .
For instance, third-order Bézier curve has four control points, as shown in Fig. 3 . P 0 is the start point, P 1 and P 2 are the shape-define points, and P 3 is the terminal point. Once the positions of these control points are ascertained, the thirdorder Bézier curve is ascertained. Connect P 0 , P 1 , P 2 , and P 3 with straight lines in turn. Q 0 moves on the line segment P 0 P 1 from P 0 to P 1 . Q 1 moves on the line segment P 1 P 2 from P 1 to P 2 . Q 2 moves on the line segment P 2 P 3 from P 2 to P 3 . Then connect Q 0 , Q 1 , and Q 2 with straight lines in turn. R 0 moves on the line segment Q 0 Q 1 from Q 0 to Q 1 . R 1 moves on the line segment Q 1 Q 2 from Q 1 to Q 2 . Then connect R 0 and R 1 with straight line. B moves on the line segment R 0 R 1 from R 0 to R 1 . The points Q 0 , Q 1 , Q 2 , R 0 , R 1 , and B move on their own line segment respectively from the start point to the terminal point in pace with the parameter ε varies from 0 to 1, constrained by the ratio (9) . The track of B generates the third-order Bézier curve. For example, when ε = 0.25, the position of B is shown in Fig. 3 . The third-order Bézier curve polynomial function of ε is written as (10) .
We select Bézier curve because it can completely define the missile trajectory by its start point, terminal point, and a finite number of shape-define points. The properties of Bézier curve are employed to enforce the initial, terminal, and path constraints of the trajectory. The curve passes through the start and terminal points, and shaped by the shape-define points. Therefore, reshaping the trajectory without changing the boundary conditions is convenient. This kind of curve helps to maintain the number of unknown parameters to a minimum compared with other methods [24] .
The climb-and-dive maneuvering trajectory has two turns: the first turn is between the horizontal cruising phase and the climbing phase, and the second turn is between the climbing phase and the diving phase. Therefore, at least a third-order Bézier curve with two shape-define points is applied in this situation to implement the two turns. The third-order Bézier trajectory with its four control points is shown in Fig. 4 . P 0 is the start point. P f is the terminal point. P 1 and P 2 are the shape-define points which do not lay on the trajectory. If the positions of the two shape-define points are changed, the trajectory shape will be changed, while maintaining the same boundary conditions. P 1 lays on the tangent line of the trajectory at P 0 , and P 2 lays on the tangent line of the trajectory at P f . This geometry relationship ensures the initial and terminal conditions: tan θ and tan θ f . θ is the initial (current) flight path angle, and θ f is the terminal flight path angle, as well as the impact angle.
According to (10) , the coordinate of third-order Bézier curve can be written as a polynomial function of ε ∈[0,1], as shown in (11) .
To obtain the positions of shape-define points P 1 and P 2 , the Bézier parameters b 1 and b 2 are introduced here. The definition of b 1 and b 2 is shown in (12) . Boundary constraints tan θ and tan θ f can be expressed by the coordinate of control points, according to the geometric relationship, as shown in (13) . Then the coordinate of shape-define points P 1 (x 1 , y 1 ) and P 2 (x 2 , y 2 ) can be expressed by the known parameters b 1 , b 2 , P 0 (x 0 , y 0 ), P f (x f , y f ), θ , and θ f , as shown in (14) . The Bézier parameters b 1 and b 2 which set before the flight can define the shape of the climb-and-dive maneuvering trajectory. The values of b 1 and b 2 are obtained from a SQP (Sequential Quadratic Programming) method, which considers the constraints of attack angle and normal overload. Based on the missile current position P 0 , the flight path angle θ , the target position P f , and the expected impact angle θ f , the reference Bézier trajectory can be updated and reshaped in real time in pace with the guidance cycle.
B. GUIDANCE COMMAND OBTAINED BY MISSILE INVERSE DYNAMICS
The guidance command represented by attack angle α is obtained based on the missile inverse dynamics, which can calculate α from the reference trajectory [1] . The Bézier curve provides a shape-dependent trajectory. Thus, it is necessary to reduce the missile time-dependent motion equations (1) to the shape-dependent (x) motion equations, as shown in (15) .
According to Fig. 2 , the normal acceleration a y (m/s 2 ) can be derived based on the forces exerted on the missile, as shown in (16) .
According to the second formula of (15), the normal acceleration a yB (m/s 2 ) can be derived based on the trajectory shape, as shown in (17) .
According to the third formula of (15), the current flight path angle θ can be obtained, as shown in (18) .
The derivative of θ which used for calculating a yB is derived, as shown in (19) .
Thus, the normal acceleration a yB can be obtained, as shown in (20) .
To obtain (d 2 y/dx 2 ), the first and second derivatives of x and y versus ε should be derived at first based on (11), as shown in (21) and (22) .
Based on (21) and (22), the required first and second derivatives of y versus x can be obtained, as shown in (23) and (24) .
Substituting the coordinate of P 0 (x 0 , y 0 ), P 1 (x 1 , y 1 ), P 2 (x 2 , y 2 ), and P f (x f , y f ) into (24), (d 2 y/dx 2 ) can be derived as a function of b 1 , b 2 , x 0 , y 0 , x f , y f , θ , θ f , and ε, as shown in (25).
Assuming the normal acceleration a y (16) and a yB (20) be equal, the guidance command represented by attack angle α can be calculated from (26). Each moment during the flight, the reference Bézier trajectory is updated and reshaped based on the missile current state, the target position and the impact angle constraint. The guidance command applied to control the flight is the value of α at P 0 , where ε = 0. The guidance command is updated in real time with each guidance cycle.
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IV. NUMERICAL SIMULATION RESULTS

A. NUMERICAL SIMULATION OF THE PROPOSED METHOD
The proposed method is applied in cruise missile terminal guidance. The purpose is to guide the missile to a stationary target along a climb-and-dive maneuvering trajectory with a certain impact angle. MATLAB is used for the numerical simulation. Fig. 5 shows the simulation procedure. Table 2 shows the initial and terminal conditions. Table 3 shows the Bézier parameters b 1 and b 2 for different impact angles. Figs. 6-11 show the simulation results for variations in y-x, y-t, v-t, α-t, n y -t, and θ -t of the climb-and-dive maneuvering trajectories with different impact angles. Table 4 shows the accurate results.
The simulation results indicate that the proposed method can guide the missile to a stationary target along a climb-anddive maneuvering trajectory with the expected impact angle. The entire trajectory can be divided into two phases: climbing phase and diving phase. 
1) FIRST PHASE: CLIMBING
The climbing phase starts from the initial point to the maximum altitude point of the trajectory, as shown in Figs. 6 and 7 . At the beginning, the missile needs a large normal acceleration when it turns from the horizontal cruising phase to the climbing phase. Thus, the attack angle must be a large positive value to provide a sufficiently large lift, as shown in Fig. 9 . The normal overload will also be a large value in pace with the attack angle, as shown in Fig. 10 . With the altitude increasing, the missile velocity decreases continuously, as shown in Fig. 8 . The flight path angle increases from 0 • to the maximum, and then decreases to 0 • , as shown in Fig. 11 . The attack angle decreases to 0 • and then increases negatively, as well as the normal overload, as shown in Figs. 9 and 10 . When the missile reaches the maximum altitude point of the trajectory, the climbing phase ends. 
2) SECOND PHASE: DIVING
The diving phase starts from the maximum altitude point of the trajectory to the terminal point, as shown in Figs. 6 and 7. At the maximum altitude point, the flight path angle switches from positive to negative, then the missile enters the diving phase. When the derivative of attack angle switches from negative to positive, the attack angle decreases to 0 • positively, as well as the normal overload, as shown in Figs. 9 and 10 . With the altitude decreasing, the missile velocity increases continuously, as shown in Fig. 8 . The flight path angle decreases to the expected impact angle gradually until the missile hits the target, as shown in Fig. 11 . 
B. COMPARISON WITH TWO-PHASE PNG METHOD
PNG (proportional navigation guidance) is a commonly used method for missile guidance. The angular velocity of flight path angle is proportional to the angular velocity of lineof-sight angle. The curvature of the trajectory is determined by the proportional guidance coefficient K p . For comparison, a two-phase PNG method is applied to achieve the climb-anddive maneuvering trajectory with impact angle constraint. Thus, a transition point T (x T , y T ), which near the highest point of trajectory, is introduced in this method. At the first phase, the missile climbs from the initial point to the transition point. Then at the second phase, the missile dives from the transition point to the terminal point. Table 5 . Both of the trajectories have the same initial and terminal conditions, as shown in Table 2 . The proportional guidance coefficient K p = 3.41, and the coordinate of the transition point is T (7500, 2748).
Comparison results show that both of the guidance methods can implement the climb-and-dive maneuvering trajectory while maintaining the impact angle constraint, as shown in Figs. 12, 13 , and 17. However, the two-phase PNG method requires to estimate and regulate the value of K p and the position of T (x T , y T ) to meet the expected impact angle. This is a cumbersome procedure, and the value of impact angle is inaccurate. The Bézier method contains the impact angle constraint in its trajectory geometric equations. Thus, the impact angle is maintained accurately. The attack angle and normal overload plots of the proposed Bézier method are smoother than those of the two-phase PNG method. Because the control command varies continuously without mutation. Thus, the proposed Bézier method indicates better performance.
V. CONCLUSIONS
An innovative terminal guidance method is proposed in this paper, which can guide the cruise missile to a stationary target along a climb-and-dive maneuvering trajectory while meeting the expected impact angle. The maneuvering trajectory is shaped by a third-order Bézier curve based on the missile current state, the target position, and the impact angle constraint. Trajectory characteristics, such as shape, altitude, velocity, and flight time, can be modified by regulating the Bézier parameters. Furthermore, the shape of Bézier trajectory is determined by the control points only. The positions of control points are updated in real time. Thus, the control command is updated based on the current Bézier trajectory. That means the proposed method can overcome the initial deviation within a certain range. The simulation results demonstrate the effectiveness of the proposed method in terminal guidance. 
